If w ≡ 1 is a group law implying virtual nilpotence in every finitely generated metabelian group satisfying it, then it implies virtual nilpotence for the finitely generated groups of a large class Ë of groups including all residually or locally soluble-or-finite groups. In fact the groups of Ë satisfying such a law are all nilpotent-by-finite exponent where the nilpotency class and exponent in question are both bounded above in terms of the length of w alone. This yields a dichotomy for words. Finally, if the law w ≡ 1 satisfies a certain additional condition-obtaining in particular for any monoidal or Engel law-then the conclusion extends to the much larger class consisting of all 'locally graded' groups.
Introduction
Let F denote the free group on X = {x 1 ; x 2 ; : : : }. A law (or identical relation) of a group G is an identity w ≡ 1 where w is a word from F, valid under every substitution X → G.
The following two types of group laws are of particular interest: A positive (or monoidal) law of a group G is a nontrivial identity of the form u ≡ v (or uv It is well known that a nilpotent-by-finite exponent group, that is, one with a nilpotent normal subgroup with quotient of finite exponent, satisfies a monoidal law ( [11, 12] ), and it is immediate that a nilpotent group satisfies the n-Engel law for some n. The converse of neither of these statements is true in general: there exists a 2-generator group which is not nilpotent-by-finite exponent yet satisfies a monoidal law [14] , and it is relatively easy to find a group (albeit infinitely generated) which is n-Engel for some n yet not nilpotent (see for example [8, page 132] or [17, 
]).
We are interested here in the much-studied question as to the extent to which, that is, for how wide a class of groups, some versions of the converse statements do after all hold, and also in characterizing those laws which behave in this respect like monoidal and Engel laws, that is, imply 'virtual nilpotence' for the same large class of groups.
Our results are as follows. We write Ë for the class of groups obtained from the class of all groups that are soluble-by-(locally finite of finite exponent) by closing under the operators L and R, where for any group-theoretic class ; L denotes the class of all groups locally in and R the class of groups residually in (see [16, Section 1.1] ). (Thus Ë contains in particular all residually finite or soluble groups, and all locally finite or soluble groups.) We also writeˆ e for the variety consisting of all locally finite groups of exponent dividing e (the hat distinguishing this variety from the variety e of all groups of exponent dividing e), and, as usual, AE c for the variety of all nilpotent groups of class ≤ c. (Note that the fact that the classˆ e is actually a variety, is a consequence of Zelmanov's solution of the restricted Burnside problem [24, 23] .) Our main result gives a necessary and sufficient condition for a law w ≡ 1 to single out from the class Ë just the nilpotent-by-finite exponent groups, furnishing in addition the information that the nilpotency class and exponent in question are bounded above solely in terms of the length of w.
THEOREM A (Compare [1, Theorem] ). Let w be any word in F with the property that every finitely generated metabelian group satisfying the law w ≡ 1 is necessarily nilpotent-by-finite. Then there exist positive integers c = c.N /, e = e.N / depending only on the length N of w such that the groups in the class Ë satisfying w ≡ 1 are just those in the product variety AE cˆ e .
That a monoidal law (in the form uv −1 ≡ 1, where u; v are positive words) satisfies the hypothesis of Theorem A will emerge in the course of the proof. (This also follows from for instance Point [15] .) That the n-Engel law does so follows from Gruenberg's result [5] that a finitely generated soluble Engel group is nilpotent, and therefore satisfies a monoidal law.
Theorem A is stronger than related results (for example of Point [15] ) in that the nilpotency class c figuring in the conclusion, as well as the exponent e, depend only on the length of w. It is this that allows the conclusion to be extended to the full class Ë , as opposed to just finitely generated soluble-by-finite groups, and in Theorem B below, where an additional condition is imposed on w, to the very large class of 'locally graded' groups.
As a consequence of Theorem A and a result of Groves [4] , we infer the following DICHOTOMY THEOREM (for words of F). Let w ∈ F be an arbitrary word. Exactly one of the following two possibilities occurs:
.i/ every group in Ë satisfying the law w ≡ 1 is nilpotent-by-finite exponent;
.ii/ for some n ≥ 2, w ≡ 1 is a law in the restricted wreath product C n C, where C n ; C denote the cyclic group of order n and the infinite cyclic group respectively.
(To see this, suppose that for every prime p, w ≡ 1 is not a law in C p C, that is, that (ii) fails to hold. Since C p C generates the product variety p of the variety of all abelian groups of exponent p by the variety of all abelian groups (see for example [13, Corollary 22 .44]), it follows that for any soluble (in particular) variety Î satisfying the law w ≡ 1, we have p ⊆ Î for all primes p, whence by the dichotomy established by Groves [4, Theorem A (ii)], Î ⊆ AE c1ˆ e1 for some c 1 ; e 1 . Hence certainly every metabelian group satisfying w ≡ 1 is nilpotent-by-finite exponent, so that w satisfies the assumption of Theorem A, and thence the alternative statement (i).)
A partially related dichotomy is that of Rosenblatt [18] according to which any group G not containing the free monoid M 2 on two generators is restrained, that is, for every pair of elements a; b of G, the subgroup a b is finitely generated (or, equivalently, every finitely generated subgroup H has finitely generated commutator subgroup [H; H ]). (It follows easily from this that for every prime p, the wreath product C p C embeds M 2 .) A negative answer to the following question would enable the replacement of the class Ë in Theorem A and the Dichotomy Theorem by a much larger class-perhaps even that of 'locally graded' groups. (A group is locally graded if every non-trivial finitely generated subgroup has a proper subgroup of finite index.) Does there exist a group G having a minimal normal subgroup H which is infinitely generated, locally finite and of finite exponent, with G=H infinite cyclic, such that G obeys a law w ≡ 1 satisfying the assumption of Theorem A, that is, not holding in any C p C? It can be shown that such a group could not be restrained, and would therefore have to embed M 2 , in view of Rosenblatt's result. It would thus furnish an example showing that Theorem A cannot be extended to the class of locally graded groups unless w satisfies some additional condition.
Among the laws w ≡ 1 satisfying the hypothesis of Theorem A, there are manyincluding monoidal laws and the Engel laws-that do satisfy a condition allowing the extension of Theorem A to the class of locally graded groups. It is well known (see [2, 3, 5, 9, 15] ) that if a group G satisfies a monoidal law or an Engel law then G is uniformly restrained, that is, there is a positive integer k such that for all a; b ∈ G the subgroup a b can be generated by ≤ k elements. By Kim and Rhemtulla [9] , a finitely generated, uniformly restrained, locally graded group is polycyclic-by-finite. Hence applying Theorem A we obtain immediately THEOREM B. Let w ≡ 1 be a group law with the following two properties:
.i/ every finitely generated metabelian group satisfying w ≡ 1 is nilpotent-byfinite;
.ii/ every group satisfying w ≡ 1 is uniformly restrained. The analogue for Engel laws can be improved to the following result (see [3] ), which implies, but is more detailed than, the result of Kim and Rhemtulla [9] that locally graded n-Engel groups are locally nilpotent. REMARKS. 1. The class of locally graded groups, which contains the class of [2, 3] , is large in -for instance -the sense that it contains nearly all the groups encountered in standard textbooks on group theory (for example [8, 17] ), or that it consists of the largest class of groups 'constructible' from the class of finite groups by closing under most standard and some not-so-standard group-theoretic operations. (A. Rhemtulla has mentioned to us the possibility that the class of locally graded groups may coincide with that of groups with a generalized series (in one sense or another-see for example [8, page 160] , [16, page 9] ) with finite factors.)
2. There would seem to be considerable overlap between the main result of the present paper and that of Sarah Black [1] (and also those of [2, 3] , which it generalizes). In fact [1] gives in essence a characterization of words w yielding the conclusion of our Theorem A, but in terms of the form of w itself. However the results of [1, 2, 3] depended ultimately on a lemma of Shalev [20, Lemma 3.2, Case 2] which is not quite valid as stated. (For the details, see the Remark in Section 2.3.2 below.) Thus apart from the improvements claimed for the results of the present paper over those of [1, 2, 3] , it is also justified by the need to provide arguments based on the corrected version of Shalev's lemma. Nevertheless the arguments we use, although mostly self-contained, are to a considerable extent adapted from those of Shalev [20] , as well as [1, 2, 15] .
The layout of the proof of Theorem A is as follows: In Section 2 we establish the finite case by means of a succession of reductions. The proof of the theorem is then completed in Section 3.
We are grateful to Olga Macedońska for helpful comments.
Proof of Theorem A for finite groups
Thus in this section we shall prove that if w ≡ 1 is a law with the property that every finitely generated metabelian group satisfying it is nilpotent-by-finite, then there exist positive integers c = c.N /, e = e.N / depending only on the length N of w such that for every finite group G satisfying w ≡ 1 we have G e (the subgroup generated by all e-th powers of elements of G) nilpotent of class ≤ c.
Write F 2 for the free group of rank 2 generated by x; y. We shall need the following LEMMA 1. Let w be as above (that is, as in Theorem A). Then the law w ≡ 1 has as a consequence a 2-variable law of the form PROOF. Denote by W 2 the verbal subgroup of F 2 determined by w.
2 W 2 is a finitely generated metabelian group satisfying the law w ≡ 1, it follows from our basic assumption concerning w thatF 2 is nilpotent-by-finite, and therefore ( [11, 12] ) satisfies a non-trivial monoidal (here actually semigroup) law
where u; v are non-trivial positive words in x and y of equal exponent sums on each of x and y. We may, by interchanging the variables x and y and cancelling, if necessary, suppose that u begins with x and v with y, and that u and v end in different symbols from {x; y}. Furthermore if u does not have x y as initial segment, then by applying the change of variables x → x y, y → y, we can ensure that it does.
Assuming this done, we lift the law (2) to F 2 =W 2 , obtaining a relation in F 2 =W 2 of the formūv
, and the bars indicate elements in F 2 =W 2 . By virtue of the relative freeness of F 2 =W 2 , the relation (3) will then define a law .uv −1 ≡ d/ in any group satisfying w ≡ 1, that is, represents a 2-variable consequence of w ≡ 1.
Note that the word uv −1 is reduced as written (since u; v end in different symbols from {x; y}) and has exponent sums 0 on each of x; y. We now rewrite this word as a product of elements of the form . 
], and we have arrived at a consequence of the law w ≡ 1 of the desired form (1). (This is immediate from Lemma 1 and the fact that there are only finitely many such words w of length ≤ N (in, say, x 1 ; : : : ; x N ).)
We now begin the proof of Theorem A for arbitrary finite G satisfying a law w ≡ 1 obeying the assumption of that theorem. The proof involves a sequence of reductions.
Reduction to the finite soluble case.
We shall show that there exists a positive integer e 1 depending only on the length N of w such that G e1 is soluble. Let A=B be any non-abelian chief factor of the finite group G. (If there are no such chief factors then G is soluble and we may take e 1 = 1.) It is well known that A=B decomposes as a direct product S 1 × S 2 × · · · S l of finite non-abelian simple groups all isomorphic to the same simple group S, and that each element g of G acts by conjugation on A=B in such a way as to permute the S i ; write ³ g for the permutation of {S 1 ; : : : ; S l } induced by conjugation by g.
Write c = c.x; y/ for the right-hand side of the law (4), a consequence of w ≡ 1. We first show that for each g ∈ G if any orbit under the above action of g on {S 1 ; : : : ; S l } has size exceeding 2R, then for every member S r of that orbit we have Suppose now that g ∈ G and r ∈ {1; : : : ; l} are such that c.h B; g B/ = 1 for all h B ∈ S r . Since (4) is a law in G, it follows that then = S r for this j . Hence in this situation the size of the orbit containing S r under the action of ³ g is bounded above by |t k |, and therefore by the number L of Corollary 3.
We have thus established the following assertion: For each g ∈ G, every orbit of the action of g by conjugation on {S 1 ; : : : ; S l }, the set of simple direct factors of an arbitrary non-abelian chief factor A=B of G, has size bounded above by M := max{L ; 2R}, which depends only on the length N of w.
It follows immediately that for every simple direct factor S of every non-abelian chief factor of G we have
By Jones [7] only the variety of all groups contains infinitely many pairwise nonisomorphic finite non-abelian simple groups. Hence in particular there are only a finite number of pairwise non-isomorphic groups that can occur as composition factors of groups satisfying any nontrivial lawŵ ≡ 1 of length ≤ N having the same property as w ≡ 1. Taking K to be the largest of the orders of these simple groups, it follows that for every simple direct factor S of every non-abelian chief factor of G we have that | Aut.S/| divides K !. From this and (6) we infer immediately that for any finite group G satisfying w ≡ 1 we have G M!K ! ≤ C G .A=B/ for every non-abelian chief factor A=B of G, whence
where the intersection is taken over all non-abelian chief factors A=B of G. It is not difficult to show that the intersection in (7) is a soluble subgroup of G, whence the desired conclusion with e 1 := M!K !.
Reduction to the finite nilpotent case.
By the previous reduction, we may now assume that our finite group G satisfying the law w ≡ 1 is soluble. We shall now show that there is a positive integer e 2 depending only on the length N of w such that G e2 is nilpotent.
be a chief series for G. Since G is finite soluble, each chief factor G i =G i +1 is finite elementary abelian. Let g be any element of G; then conjugation by g induces an automorphism of each chief factor G i =G i +1 . In the usual way we may consider G i =G i +1 as an (additively written) vector space V i over p (where p is the exponent of G i =G i +1 ) on which conjugation by g induces an invertible linear transformation T g . Now the subgroup H=G i +1 of G=G i +1 generated by gG i +1 together with G i =G i +1 satisfies the law w ≡ 1 since G does, and therefore also the 2-variable law (4) . Replacing in that law y byḡ l := g l G i +1 , for each l = 1; 2; : : : in turn, and x byh := hG i +1 for any h ∈ G i , we obtain 
We now return to our reduction argument. By the lemma just proved, applied to the polynomial f .z/ in (9), since T 
Since i also was arbitrary, we have
In we can show that m is bounded above by a number B say, depending only on N , the length of w, and we may then take e 2 := B!.
The finite nilpotent case.
In view of the above reductions, we may now assume that our finite group G satisfying the law w ≡ 1 is nilpotent; in fact, since a finite nilpotent group is the direct product of its Sylow subgroups, we may assume that G is a finite p-group for some prime p.
The proof of Theorem A in this case splits into two subcases.
Subcase: p sufficiently large.
This subcase concerns primes p ≥ T where T = T .N / is a positive integer depending only on N , to be defined in the course of our argument. We begin with PROOF. Let W denote the verbal subgroup of F generated by w. ThenF := F=W F .2/ is a metabelian group satisfying the law w ≡ 1. Since the wreath product C p1 C of a cyclic group of prime order p 1 with an infinite cycle, is finitely generated and metabelian but not nilpotent-by-finite, it cannot satisfy the law w ≡ 1. Hence in view of the fact that C p1 C generates the product variety p1 , we infer that (12) can be rewritten as
where ] ≡ ² 2 .x; y; : : : ; y/; (13) where ² 2 is a product of commutators from F .2/ in x and y of weights >ĉ. We now impose a preliminary lower bound on p, namely:
From this assumption and the law (13) which our p-group G satisfies, it follows that G satisfies a law of the form ] ≡ ² 3 .x; y/; (14) where ² 3 is a product of commutators in x and y (from F .2/ ) of weights >ĉ. Write L = L.G/ for the Lie ring determined in the usual way by the lower central series
that is, with additive structure given by that of the abelian group 
Since in the law (14) the left-hand side has weightĉ while wt ² 3 >ĉ, it follows (as in the proof of [22, Lemma 6] 
that is
where we have written e 4 := e 3 [.ĉ − 1/!] c3 . Back in the group G, (16) yields
We now impose a further lower bound on p, assuming in addition that
From this assumption it follows that . c3 .G// e4 = c3 .G/, and then from (17) we deduce that G has class ≤ c 3 .
Hence provided p > max{ê; e 4 }, the p-group G satisfying the law w ≡ 1 will have nilpotency class ≤ c 3 whereê, e 4 , c 3 all depend only on the word w. Much as before, if we now take T to be the maximum of all suchê, e 4 We are now ready for the proof of Theorem A in the situation of a finite p-group G with p ≤ T .N / satisfying the law w ≡ 1. The argument largely follows that of Shalev [20] , with some adjustments.
Let H=K be any elementary abelian normal section of G, that is, H; K G; K < H; H=K an elementary abelian p-group, and let g ∈ G be arbitrary. As before we denote by T g the linear transformation of H=K considered as a vector space over p , induced by conjugation by g. Since G satisfies w ≡ 1, by Lemma 2 of Section 2.2 and the argumentation just preceding and following that lemma, there exist positive integers m; q determined by w alone, such that
Applying Lemma 4 above, we infer that the order s (= p r say) of T g satisfies the inequality s < mqp. Since in the present subcase we are assuming p ≤ T .N /, it follows that for every g ∈ G the order s of T g is bounded above by a number D, say, depending only on the word w. Hence G D! centralizes every elementary abelian normal section of G. It is not difficult to verify (or see [20, Lemma 4.1] ) that therefore
. Now let A = H 1 =K 1 be any abelian (not necessarily elementary abelian) normal section of G and again let g ∈ G be arbitrary. Since the group gK 1 ; A is a cyclic extension of the abelian group A and satisfies the law w ≡ 1, it follows as in Section 2.2 (see equation (8) 
Since P is powerful, we have by [10, Propositions 1.7 and 4.1.7] that every element of the group P m , and therefore every element of Q, is of the form g m for some g ∈ P. Hence for every element h ∈ Q we have in view of (18) r .
Since A is a p-group it follows that in fact
where p s is the largest power of p dividing r . (Note that G e5 =: Q above. Note also that from the preceding argument we may immediately infer only the dependence of e 5 and c on the word w rather than just its length. However by the usual argument (see earlier), involving possible replacement of e 5 and c by larger numbers, we may in fact assume dependence only on N -as well as d in the case of c .)
Consider the series
We now return to the powerful p-group P (:= G D! ). Let g 1 ; g 2 be any elements of P. Applying the above proposition to P 0 := g 1 ; g 2 only on e 1 ; c 1 such that the original powerful p-group belongs to AE e3ˆ e3 . Translating this into our present notation, we infer the existence of numbers e 6 ; c 6 depending only on e 5 ; c 5 such that P ∈ AE c6ˆ e6 . Then since P = G D! we have the desired conclusion for G, completing the proof in Subcase 2.3.2, and with that the proof of Theorem A for finite groups.
Completion of the proof of Theorem A
We now show that any finitely generated soluble-by-finite group G satisfying the law w ≡ 1 lies in the variety AE c e for some c = c.N /; e = e.N / depending only on the length N of w. In view of this dependence of c; e only on N , Theorem A then follows immediately.
The argument will follow that of [2] beginning on page 518, adapted to our present situation. (In particular the context in [2, page 518 et seqq.] of a generating subsemigroup S of G satisfying a semigroup law will no longer be relevant. However the proof given there of Theorem D to the effect that if S satisfies a semigroup law then that law actually holds in G (and furthermore G ∈ AE c.N /ˆ e.N / ) remains valid.)
With G, as above, any finitely generated soluble-by-finite group satisfying the law w ≡ 1, suppose that m is such that G m is soluble. Observe first that by a well-known result of Hall (see for example [17, 15. where the equality follows from the fact that N 1 = G me ≤ G m and G m is soluble of length l. Hence G is a finite extension of a group of class ≤ c, namely N l+1 , and is therefore residually finite, whence we infer, as earlier, that G ∈ AE cˆ e .
